The case of motion of a generalized two-field gyrostat found by V. V. Sokolov and A. V. Tsiganov is known as a Liouville integrable Hamiltonian system with three degrees of freedom. We find a set of points at which the momentum map has rank 1. This set consists of special periodic motions which correspond to the singular points of a bifurcation diagram on an iso-energetic surface. For such motions the phase variables can be expressed in terms of algebraic functions of a single auxiliary variable. These algebraic functions satisfy a differential equation integrable in elliptic functions of time. It is shown that the corresponding points in the three-dimensional space of the constants of the integrals belong to the intersection of two sheets of the discriminant surface of the Lax curve.
Intrtoduction
The motion of a generalized two-field gyrostat is governed by the following system of differential equations:
with Hamiltonian function [1] 
Here M , α and β stand for the total angular momentum and the intensities of the two forces considered in the moving frame formed by the principal axes of inertia of the body. The gyrostatic momentum is directed along the axis of dynamic symmetry and its axial component is denoted by λ. The parameters ε 1 and ε 2 are called deformation parameters since their zero values define important partial cases and establish relations with some previously known integrable cases. Treating R 9 = {(M , α, β)} as the Lie coalgebra e(3, 2) * we obtain the LiePoisson bracket
With respect to this bracket the system (1) can be represented in the Hamiltonian formẋ = {H, x} where x ∈ R 9 . Note that the Casimir functions of the bracket (3) are α 2 , α · β and β 2 . Therefore we define the phase space P of system (1) as a common level of these functions
Using the parametric reduction invented by M. P. Kharlamov [2] we can assume that the parameter c is zero. This simplifies calculations significantly. In [1] , for the system (1) with Hamiltonian function (2), V. V. Sokolov and A. V. Tsiganov gave a Lax representation with a spectral parameter and thereby proved the Liouville complete integrability of this system. This Lax representation generalizes the L-A pair for the Kowalevski gyrostat in a double field found by A. G. Reyman and M. A. Semenov-Tian-Shansky [3] .
For the Hamiltonian function (2), we represent the additional integrals K and G as functions of two deformation parameters ε 1 and ε 2 [4] :
We define
The mapping F is called a momentum mapping. By C we denote the set of all critical points of F , i.e., the set of points x such that rank dF (x) < 3. The set of critical values Σ = F (C) ⊂ R 3 is called the bifurcation diagram. Normally, Σ is a stratified 2-manifold. In our case consider the bifurcation diagram Σ ⊂ R 3 as a two dimensional cell complex. Then the singular points form union of skeletons of dimensions 0 and 1. The determination of 1-cells of Σ is much more complicated. The corresponding values of the first integrals are generated by periodic trajectories, i.e., closed orbits for which rank dF (x) = 1. Let us call such a trajectory a special periodic motion (SPM) [6] . For the classical Kowalevski top in the gravity field all SPMs are permanent rotations around the vertical axis. For a Kowalevski top in two constant fields (λ = 0, ε 1 = 0) the set of SPMs, as shown in [7] , consists of three families of pendulum motions pointed out in [2] for an arbitrary rigid body and the families of critical periodic motions of the Bogoyavlensky case [8] . These latter motions were first described in [9] and explicitly integrated in [10] . Note that pendulum motions were first found by Yehia [11] with no conditions imposed on the moments of inertia but under some special restrictions on the location of the centers of application of the fields. For the integrable system of Kowalevski-Yehia SPMs were presented in [12] , [13] . Similar investigations in hydrodynamics were performed in [14] , [15] and [16] .
The aim of the present article is the construction of a certain class of periodic motions for the generalized two-field gyrostat. To do this we will study the singularities of the spectral curve associated with the Sokolov-Tsiganov L-A pair.
Discriminant surfaces and explicit integration of certain periodic motions
The discriminant surface of the spectral curve E(z, ζ) for Sokolov-Tsiganov L − A pair was found in [17] and consists of two surfaces Π 1 Π 2 :
Consider a typical example of a discriminant surface on an iso-energetic level h = const. The points P 1 , P 2 , Q 1 and Q 2 are the self-intersection points of the discriminant leafs Π 1 and Π 2 . The coordinates of these points on the iso-energetic level h = const are determined by the formulas
Non-degenerate singularities of rank 1 or special periodic motions are the preimages of the points mentioned above. How can one find them? By the definition of such a singularity [18] it is required to find two function g 1 (x) and g 2 (x) for which at the points x 0 of rank 1 the conditions dg 1 (x 0 ) = dg 2 (x 0 ) = 0 are fulfilled.
The formulas for the coordinates of the points P k and Q k suggest that
At the singularities of rank 1 (for which P 1 is the image) the following relation must hold: In this case the parametrization of special periodic motions looks like
,
.
(5) Here the auxiliary variables ξ and η satisfy the system of differential equationṡ
Using the equation H = h one can eliminate η and thus obtain a single equation in ξ(t):
where
Here the parameters q and r can be expressed in terms of a and b by formulas
These formulas can be used for construction of the characteristic polynomial which allows determination of the type of a singularity of rank 1.
In the generic case the characteristic polynomial reads:
Here A g denotes a symplectic operator which is linearization of the vector field sgrad g at the points of solution (5) . Calculation of the coefficients p 2 and p 4 for the function g 1 at point P 1 yields
Now let us describe periodic motions for the point P 2 . Given that the skewsymmetric gradients are linearly dependent sgrad G = a 2 sgrad H one obtains the following parametrization
ε 1 a a 2 ε 4 1 − ε 2 2 (1 − ξ 2 )(1 + η 2 )
, M 2 = − a 2 ε 4 1 − ε 2 2 [a(1 + ξ 2 )(1 + η 2 ) + 2bξ(1 − η 2 )] + 2λε 1 a(1 + η 2 )ξ ε 1 a(1 − ξ 2 )(1 + η 2 ) ,
, β 2 = −2b ε 2 (1 − η 2 )ξ − aε .
Here the auxiliary variables ξ and η satisfy the equationṡ (1 + η 2 ) .
